We construct homotopy operators for the BRST operator in the theory around identity-based solutions, which are believed to represent the tachyon vacuum in the cubic bosonic open string field theory. Using the homotopy operators, we find that the one-loop vacuum energy at the tachyon vacuum is independent of moduli such as interbrane distances, which are included in the BRST operator. We also revisit the cohomology problem, which was solved earlier without the homotopy operators.
§1. Introduction
The cubic bosonic open string field theory (SFT) has classical solutions describing the tachyon vacuum. In the theory expanded around the tachyon vacuum solution, the BRST cohomology vanishes from a physical Hilbert space and the annihilation of D-branes can be described using the solution. However, there are apparently different results for the cohomology at the tachyon vacuum. For the solution constructed using wedge states, 1) the cohomology completely vanishes at all ghost numbers.
2) On the other hand, it was proved for the identity-based solution 3) that there exists a nonempty BRST cohomology at unphysical ghost numbers. 4) Also in numerical calculation, while the cohomology was proposed to be trivial, 5) it was reported from a different analysis that the cohomology exists at nonstandard ghost numbers.
6), 7)
The vanishing cohomology for the wedge-like solution is proved using a homotopy operator.
2) The anticommutator between the homotopy operator and BRST operator at the solution is equal to unity. Then, all the BRST closed states turn out to be BRST exact.
In the case of the identity-based solution, the BRST operator at the solution is represented as a well-defined operator acting on a Fock space.
3) By a similarity transformation and a level shift operation in the ghost sector, the cohomology can be obtained 4) from the known results for the ordinary BRST operator.
8)-10)
In this work, we will construct homotopy operators for the identity-based solutions. We will find that the cohomologically nontrivial part is given by acting the BRST operator to states, which are obtained by acting the homotopy operator, living outside a single Fock space. Accordingly, although the resulting cohomology vanishes, there is no contradiction with the earlier result since it was solved only in a single Fock space.
Given the homotopy operator, we cannot find nonzero scattering amplitudes with onshell external lines. Then, it is natural to ask what happens to a one-loop vacuum amplitude without external lines at the tachyon vacuum. At the perturbative vacuum, the one-loop vacuum amplitude of an open string depends on interbrane distances and it can be interpreted as an amplitude for the exchange of a closed string between D-branes. Since D-branes disappear at the tachyon vacuum, we can speculate that the one-loop vacuum amplitude becomes independent of interbrane distances.
To calculate the vacuum amplitude, gauge fixing is needed and it seems a nontrivial problem at the tachyon vacuum. However, the Siegel gauge works well for the theory around the identity-based solution. By using the Siegel gauge level expansion, the unstable perturbative vacuum solution was found with high precision (up to the truncation level (26, 78) 11) ) and the one-loop vacuum amplitude was investigated numerically. 12) Here, we will use the homotopy operator to analyze the vacuum amplitude in the Siegel gauge and demonstrate the independence of interbrane distances at the tachyon vacuum.
This paper is organized as follows. In §2, we briefly review the identity-based solution characterized by some function. Then, we will explicitly construct the homotopy operator for a class of the identity-based solution. In §3, we will evaluate the variation of the oneloop vacuum energy with respect to moduli such as interbrane distances and we will discuss the cohomology in the theory around the identity-based solution. We will also comment on homotopy operators for other solutions. Finally, we will give concluding remarks in §4. §2. Homotopy operators for the identity-based solution
Identity-based solution
We consider the bosonic open string field theory with a midpoint interaction. The action is given by
where the operator Q B is the Kato-Ogawa BRST charge, which is defined on perturbative vacuum. The equation of motion is derived from the variation of the action as
We can construct an exact classical solution of the equation of motion (2 . 2) using halfstring operators and the identity string field I:
where Q L (f ) and C L (f ) are integrations of the BRST current j B (z) and the ghost c(z) with a function f (z) along a half-unit disc:
We can find that the equation of motion holds for the function h(z) such that h(−1/z) = h(z) and h(±i) = 0. Expanding the string field as Ψ = Ψ 0 + Φ and subtracting S[Ψ 0 ], we obtain the action for the fluctuation Φ around the solution Ψ 0 as
The operator Q ′ in the quadratic term is given by 6) where the operators Q(f ) and C(f ) are defined as integrations along a unit circle:
The classical solution (2 . 3) includes an arbitrary function, which is changed by gauge transformations. Most of the solutions are regarded as a trivial pure gauge transformation from the trivial solution, Ψ 0 = 0, but nontrivial solutions can be obtained at the boundary of some function spaces. For example, we consider the classical solution constructed using the function
This function includes one parameter a, which is larger than or equal to −1/2. This range of the parameter a is determined with the reality condition for the classical solution. The solution for h a (z) corresponds to a trivial pure gauge for a > −1/2, but we find that it becomes nontrivial at the boundary a = −1/2. In the case of a = −1/2, the operator (2 . 6) has no cohomology in the ghost number one sector. 4) In addition, the theory based on the action (2 . 5) has an unstable vacuum solution corresponding to the perturbative string vacuum. 11), 13), 14) Consequently, we conclude that the nontrivial solution at a = −1/2 is the tachyon vacuum solution. The function (2 . 8) for the solution (2 . 3) can be generalized as
where l is a positive integer and a ≥ −1/2. case. For all l, the classical solution is expected to be the tachyon vacuum solution at a = −1/2. For the function h l −1/2 (z), the BRST operator (2 . 6) at the tachyon vacuum can be written as
10)
Homotopy operators
The operator product expansion (OPE) of the BRST current with the antighost b(z) is
where j gh (z) is the ghost number current and T (z) is the total energy momentum tensor. From this OPE, we can derive the anticommutation relation of Q(f ) and b(z) as
Similarly, from the OPE of c(z) and b(z), we obtain the anticommutation relation,
Using (2 . 13) and (2 . 14), we can calculate the anticommutation relation of the BRST operator (2 . 10) with b(z). The important point is that the function F (z) in (2 . 11) has second-order zeros at the points,
which are solutions to the equation: z 2l +(−1) l = 0. Therefore, the anticommutator becomes a c-number:
It should be noted that the function e h l a has only first-order zeros for a > −1/2, and therefore, the above anticommutator depends on the ghost number current j gh for trivial pure gauge solutions.
Alternatively, we can explicitly compute the anticommutation relation (2 . 16) in terms of the oscillator expression. The operator Q l is expanded as
where we have expanded the BRST current and the ghost as j B (z) = n Q n z −n−1 and c(z) = n c n z −n+1 . Using the oscillator expressions of
j gh (z) = n q n z −n−1 , we find the anticommutation relation of Q m and b n from (2 . 12),
Using (2 . 17) and (2 . 18), we can calculate the left-hand side of (2 . 16) as The anticommutation relation (2 . 16) implies that we can define a homotopy operator A corresponding to the BRST operator Q l at the solution (2 . 3) with the function (2 . 9) at 20) which satisfies the relations
If we choose the coefficients a k as
for odd l,
for even l and a k ∈ R (k = 1, 2, · · · , 2l), the operatorÂ is BPZ even and Hermitian. (The conditions (2 . 22) and (2 . 23) imply that the coefficients in (2 . 20) corresponding to each pair of z k , which are symmetric points with respect to the imaginary axis, are equal.) In this case,Â is explicitly expressed in terms of oscillators aŝ
for odd l and
for even l. Note that the above homotopy operatorÂ can be rewritten aŝ 26) using the homotopy state A ≡ÂI. In order to obtain this expression, we have used (2 . 22), (2 . 23) and
27)
Using Q l I = 0 and (2 . 21), we have
for the homotopy state A. §3. One-loop vacuum energy and cohomology
One-loop vacuum energy at the tachyon vacuum
We consider a string field theory at the tachyon vacuum, in which the BRST operator is given by Q l . We impose the Siegel gauge condition, b 0 Φ = 0. Then, the one-loop vacuum energy is given by the integration over the moduli t of the partition function:
Here, L ′ = {Q l , b 0 } is the Siegel gauge inverse propagator * ) and N FP is the operator counting ghost number: 
The key ingredient of the proof is the existence of the homotopy operatorÂ. Since the homotopy operator (2 . 20) is defined only by the antighost,Â and b 0 anticommute with each other:
From the variation of (2 . 21), we find
Using the Jacobi identity, we have
Now, we are ready to evaluate the change of the partition function:
Using the commutation relations [L ′ , b 0 ] = 0 and the cyclic invariance of the trace, we can rewrite the integrand in (3 . 6) as
In this equation, we insert {Q l ,Â}(= 1) between e −(1−α)tL ′ and b 0 :
In the second term, we moveÂ to the left using the (anti) commutation relations, (3 . 4) and (3 . 5). Then, we have
using cyclic invariance of the trace. These two terms cancel each other, thanks to (3 . 3). Thus, we finally obtain δZ(t) = 0, (3 . 10) and we conclude that the one-loop vacuum energy is independent of interbrane distances. We note that the above proof of δZ(t) = 0 does not depend on the details of the variation of Q l and the calculation is rather formal. If we restrict the space in the definition of the trace, it is necessary to treat the relation {Q l ,Â} = 1 carefully. We will discuss the related issue in the next subsection.
Homotopy operator versus cohomology
Once the homotopy operatorÂ exists at the tachyon vacuum, a BRST invariant state ψ such that Q l ψ = 0 is a BRST exact state, namely,
because of the commutation relation {Q l ,Â} = 1 (2 . 21).
On the other hand, the cohomology of the BRST operator Q l was derived earlier in Ref. 4 ) by referring to the results for Q B :
where |P and |P ′ are positive-norm states in the matter sector such as DDF states, and the operator U l is given by
According to the result of (3 . 12), the cohomology exists in the Hilbert space of the ghost numbers −2l + 1 and −2l + 2. This result is apparently incompatible with vanishing cohomology in all the ghost number sectors, which can be read off from (3 . 11).
In order to resolve the discrepancy between (3 . 11) and (3 . 12), we investigate the cohomologically nontrivial states in (3 . 12)
According to the proposition (3 . 11), we can represent the state |ϕ as a BRST exact state:
Here, let us rewrite the stateÂ|ϕ using a "normal ordered" expression, namely movingÂ, which includes the positive frequency modes, to the right of U l . Using the commutation 16) for U l given in (3 . 13). By taking a limit, z → z k with (
is obtained. Because the homotopy operatorÂ (2 . 20) is a linear combination of b(z k ), this implies that the stateÂ|ϕ becomes zero in the Fock space expression. Namely, all the coefficients ofÂ|ϕ vanish when it is expanded in terms of the conventional oscillators, b −n , c −m , on the conformal vacuum |0 . However, the relation (3 . 15) implies that the statê
A|ϕ is not truly zero in some enlarged space. The conclusion is that the state |ϕ is an exact state obtained by applying Q l to the state outside a single Fock space, * ) which is beyond the scope of the proposition (3 . 12).
Comments on homotopy operators for other solutions
Firstly, we comment on another type of identity-based solution, 18) which is given by a function h 
In this paper, we regard a space in which any state can be expressed by a linear combination of Fock bases with finite coefficients as a "single Fock space", where a single Fock vacuum and a single set of creation-annihilation operators are fixed. (In the present case, they correspond to c 1 |0 and {b n , c m } in the ghost sector, respectively. Conversely, we bear in mind the Bogoliubov transformation, for example, as outside of a single Fock space.) Although we should define the space as a completion with respect to appropriate norm mathematically, we leave it as a future problem. Intuitively, we may be able to interpret thatÂ|ϕ weakly converges to zero but not in a strong sense. We can find a similar situation with respect to the "phantom term" ψ ∞ in Ref. 1).
In this case, the function F 4 (z) has fourth-order zeros at z = ±1. Using the anticommutation relations, (2 . 13) and (2 . 14), we have
Therefore, we obtain a homotopy operatorÂ (4) :
which is BPZ even and Hermitian and satisfies
The first anticommutation relation can also be obtained using mode expansion from (3 . 19), (3 . 23), and (2 . 18). Noting the relation {Â (4) , b 0 } = 0, we can trace the same computation as §3.1 to demonstrate δZ(t) = 0 (3 . 10).
In general, we can construct classical solutions with higher-order zeros. 18) If the function corresponding to the solution has an n-th order zero at z = z 0 , the anticommutator between ∂ k−2 b(z) and the BRST operator at the solution becomes a nonzero c-number at z = z 0 for k = n and it vanishes for k < n. Using these anti-commutation relations, the homotopy operator can be obtained as a linear combination of ∂ k−2 b(z) (k = 2, · · · , n). Therefore, we expect that the classical solution with higher-order zeros corresponds to the tachyon vacuum.
The cohomology of Q (4) was derived in Ref. 18 ) and the result is 25) in a similar way to (3 . 12), where
Namely, in the Fock space expression, a state of the form
represents a nontrivial state of Q (4) cohomology. However, from (3 . 24), it could be rewritten as |ϕ (4) = Q (4) (Â (4) |ϕ (4) ). (3 . 28) This apparent inconsistency can be resolved as in §3.2. Noting the relations
and taking a limit z → ±1, we have . 23), the above equations imply thatÂ (4) |ϕ (4) is zero in the Fock space expression. Hence, it is necessary to use the appropriate expression beyond a single Fock space to conclude that |ϕ (4) is Q (4) exact in the sense of (3 . 28).
Next, we briefly mention the case of solutions constructed using the KBc subalgebra. The Schnabl solution 1) and Erler-Schnabl solution 19) are in this category and they are considered to represent the tachyon vacuum. The homotopy states, which satisfy (2 . 29), for the BRST operator around these solutions were obtained in Refs. 2) and 19). These states can be rewritten as the homotopy operators such as (2 . 21) through the definition given by (2 . 26).
2)
It turns out that both of them do not anticommute with b 0 . Hence, we cannot apply the same procedure as in §3.1 for these solutions. * )
However, for a solution
which is a real form of an identitybased solution: β −1 c − cK, in terms of the KBc subalgebra, the homotopy state is A = βB as is given in Ref. 25) . Therefore, the homotopy operatorÂ such as (2 . 21), which is a linear combination of b n , satisfies (3 . 3) and, therefore, the same computation in §3.1 can be applicable to prove δZ(t) = 0 (3 . 10). * ) In the theory around the regularized identity-based solution, 20)-22) we cannot apply the procedure for the same reason. Although we have used the Siegel gauge condition for the evaluation of the one-loop vacuum energy, other gauge conditions 23), 24) might be useful for these solutions. §4.
Concluding remarks
In this work, we have constructed a homotopy operatorÂ for the BRST operator Q l in the theory around a type of identity-based solution associated with particular functions h l a=−1/2 (l = 1, 2, 3, · · · ). 4) Using the operatorÂ, we have demonstrated that the one-loop vacuum energy at the solution is independent of moduli such as interbrane distances. These results are consistent with the interpretation that the solution represents the tachyon vacuum. We have also found a homotopy operator for another type of identity-based solution whose associated function has higher order zeros. 18) We can apply the same procedure to prove δZ(t) = 0 (3 . 10) for this solution and a particular type of solution in the KBc subalgebra, 25) which is a real form of an identity-based solution.
We have also revisited the cohomology problem for the identity-based solutions.
4), 18)
Using the obtained homotopy operator, one can conclude that there is no cohomology at all the ghost number sectors. The nontrivial cohomology part of (3 . 12) (or (3 . 25)) cannot be regarded as a BRST exact state within a single Fock space. This is not the first appearance of such a state in SFT. In the bosonic closed light-cone SFT, a classical solution associated with the dilaton vacuum expectation value was constructed and then it was impossible to realize it within a single Fock space. 26) Then, it was remarked that the space of string fields should be much larger than a single Fock space. Also, in the study of target space duality, it was emphasized that classical solutions in SFT must live outside the Hilbert space of the original background. 27) More recently, a tachyon vacuum solution based on wedge-like states 1) includes a so-called phantom state. The phantom state is effectively zero in a Fock space, but it is indispensable to derive the vacuum energy correctly. Once again, for the cohomology of Q l , we are forced to incorporate the state outside a single Hilbert space.
In the discussion so far, the anticommutation relation {Q l ,Â} = 1 is respected on any state. However, the relation (3 . 17) might imply that ϕ = (Q lÂ +ÂQ l )ϕ is not equal to Q l (Âϕ) +Â(Q l ϕ), which gives zero for (3 . 14), if one interprets Eq. (3 . 17) as it stands. Namely, the associativity of multiplication of the operators may be broken on the states of the form (3 . 14) because multiple infinite summations of oscillators are included in the expression and we have interchanged the order of limits naively. In order to avoid this ambiguity, some regularizations should be introduced and/or the space of states should be restricted appropriately. Together with the issue stated in the previous paragraph, a mathematically more rigorous treatment of the space of states in SFT is desired in future developments. Although one can find some investigations in this direction in the context of the KBc subalgebra in Ref. 25) , for example, a wider class of string fields should be incorporated to resolve the delicate problems mentioned above.
13
Finally, we comment on the result for the one-loop vacuum energy at the tachyon vacuum from the viewpoint of the BRST quartet mechanism.
28), 29) In the present case, the BRST charge is the operator Q l and any states are classified into the irreducible representations of the algebra of Q l and the FP ghost charge. The existence of the homotopy operator for Q l shows that there are no BRST singlet states. Therefore, we might be able to interpret that the vanishing result of the trace (3 . 6) is closely related to the norm cancellation among quartet states. In contrast, if the anticommutation relation {Q l ,Â} = 1 is broken on the nontrivial part of (3 . 12), the state (3 . 14) seems to propagate in the trace as a BRST singlet. However, the state cannot form a singlet pair with a nonzero inner product. In fact, its dual state in the trace should have the ghost number 2l + 2 or 2l + 1 and such a state does not belong to the BRST singlet representation as seen in (3 . 12) . Therefore, the result δZ(t) = 0 in §3.1 seems to be plausible also from the above speculation.
